1/-STABLE r-TILTING MODULES 



YUYA MIZUNO 

Abstract. Inspired by r-tilting theory |AIR) . we introduce the notion of i/-stable sup- 
port r-tilting modules. For any finite dimensional selfinjective algebra A, we give bi- 
jections between two-term tilting complexes in K'' (proj A) , !/-stable support r-tilting 
A-modules and !/-stable functorially finite torsion classes in mod A. Moreover, these ob- 
jects correspond bijectively to selfinjective cluster tilting objects in C if A is a 2-CY tilted 
algebra associated with a Hom- finite 2-CY triangulated category C. We also study some 
properties of support r-tilting modules over 2-CY tilted algebras and we give a necessary 
condition such that algebras are 2-CY tilted in terms of support r-tilting modules. 



1. Introduction 

Derived categories are nowadays considered as an essential tool in the study of many 
branches of mathematics. In the representation theory of algebras, derived equivalences 
of algebras have been one of the central themes and extensively investigated. It is well- 
known that tilting complexes give derived equivalences [Rj . The most fundamental class of 
tilting complexes are tilting modules. In the case of selfinjective algebras, however, tilting 
modules are only projective modules, so that the next meaningful class are two-term tilting 
complexes and it is natural to investigate these tilting complexes. 

One of the aim of this note is, for selfinjective algebras, to give a one-to-one corre- 
spondence between two-term tilting complexes and certain nice class of modules. By this 
bijection, we can obtain all two-term tilting complexes from those modules, which can be 
easily calculated. For this purpose, we use r-tilting theory introduced by Adachi-Iyama- 
Reiten [XlR] . 

In |AIRj ■ the authors introduced the notion of support r-tilting modules. They gave a 
bijection between support r-tilting modules over a finite dimensional algebra A and two- 
term silting complexes in (proj A) , which are generalization of tilting complexes and play 
significant roles in the study of f-structures and mutation theory. Unfortunately, silting 
complexes do not give derived equivalences in general. Therefore, from the viewpoint of 
derived equivalences, it is reasonable to ask which support r-tilting modules correspond 
to two-term tilting complexes. 

In this note, we give a complete answer to the question for selfinjective algebras by 
introducing z/-stable support r-tilting modules (Definition 13. ip . Moreover, inspired by 
results of |AIRj . we extend the bijection to functorially finite torsion classes and cluster 
tilting objects. 

Our main result is the following theorem. 

Theorem 1.1 (Theorems 13.51 [3^ 14. II and 14. 4p . Let A be a finite dimensional selfinjective 
algebra. We have bijections between 

(a) the set 2-tiltA of isomorphism classes of basic two-term tilting complexes in K*'(proj A), 
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(b) the set z^-sr-tiltA of isomorphism classes of basic v-stahle support r-tilting A- 
modules, 

(c) the set z^-f-torsA of v- stable functorially finite torsion classes in mod A, 

(d) the set self-c-tiltC of isomorphism classes of basic selfinjective cluster tilting objects 
in a 2-CY triangulated category C if A is an associated 2-CY tilted algebra to C. 

In particular, by the correspondence of (a) and (b), we can obtain all two-term tilting 
complexes from z/-stable support r-tilting modules, which are given by simple calculations 
in the module category. Furthermore, we show that support r-tilting modules have par- 
ticularly nice properties over 2-CY tilted algebras. These properties provide a necessary 
condition such that algebras are 2-CY tilted. 

Notations. Let K be an algebraically closed field and we denote by D := Homx(— , K). 
By a finite dimensional algebra A, we mean a basic finite dimensional algebra over K. 
All modules are right modules. We denote by mod A the category of finitely generated 
A-modules, by proj A the category of finitely generated projective A-modules, by inj A 
the category of finitely generated injective A-modules and by (proj A) the homotopy 
category of bounded complexes of proj A. We denote by addM the subcategory of mod A 
consisting of direct summands of finite direct sums of copies of M. The composition gf 
means first /, then g. For X € mod A, we denote by FacX the subcategory of mod A 
consisting of all objects which are factor modules of finite direct sums of copies of X. 

2. Preliminaries 

In this section, we recall some definitions and results. Throughout this section, let A 
be a finite dimensional algebra. 

2.1. Support r-tilting modules. We denote AR translations by r 

T = DTi : mod A — > modA and r^^ = Tr D : modA — > modA. 

We refer to |ARS| for definitions and properties of the functors Tr : modA — > mod A°P. 
Then we give the definition of support r-tilting modules [AIR] . 
Let {X, P) be a pair with X G mod A and P € proj A. 

(a) We call X in modA r-rigid if IIomA(X, tX) = 0. We call (X, P) a r-rigid pair if 
X is r-rigid and HomA(-P, ^) = 0. 

(b) We call X in modA r-tilting if X is r-rigid and \X\ = |A|, where \X\ denotes the 
number of nonisomorphic indecomposable direct summands of X. 

(c) We call X in mod A support r-tilting if there exists an idempotent e of A such that 
X is a r-tilting (A/(e))-module. We call {X,P) a support r-tilting pair if {X,P) 
is r-rigid and |X| -|- \P\ = |A|. 

We say that (X, P) is basic if X and P are basic. 

We remark that r-tilting module X is rigid (i.e. Extj^(X, X) =0). If global dimension 
at most one, the converse holds and r-tilting modules coincide with (classical) tilting 
modules. 

By [AIRl Proposition 2.3], {X^P) is a r-rigid pair for A if and only if X is a r-rigid 
(A/(e))-module, where e is an idempotent of A such that addP = addeA. Moreover, if 
(X, P) and (X, P') are support r-tilting pairs for A, then addP = addP'. Thus, support 
r-tilting module X gives support r-tilting pair (X, P) uniquely. 

We denote by sr-tilt A the set of isomorphism classes of basic support r-tilting pairs for 

A. 
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2.2. Torsion classes. We call a full subcategory T of mod A torsion class if it is closed 
under factor modules and extensions. We say that X E T is Ex.t-projective if Ext\(X, T) = 
and denote by -P(T) the direct sum of one copy of each of the indecomposable Ext- 
projective objects in T up to isomorphism. 

We denote by f-torsA the set of functorially finite torsion classes in mod A. 

2.3. Silting complexes. We recall the definition of silting complexes [Alt IBRTj IKV| . 

We call a complex T G K'^(proj A) silting (respectively, tilting) if Hom^^b(pj.oj a)(T, r[i]) = 

for any positive integer i > (for any integer i 7^ 0) and satisfies K'^(projA) = thickT, 
where thickT denote by the smallest thick subcategory of K'^(proj A) containing T. 

We define two-term complexes as follows. 

Definition 2.1. We call a complex P = (P*,d*) in K'^(proj A) two-term if P* = for all 

1 0,-1. Clearly any two-term complex is isomorphic to a two-term complex P = (P*, d*) 
satisfying G rad(P~^, P") in K^(proj A). Moreover, for any two-term complexes P and 
Q, we have Hom(^b(pj.oj a)(-P5 QW) =0 for any i ^ —1, 0, 1. 

We denote by 2-siltA (respectively, 2-tiltA) the set of isomorphism classes of basic 
two-term silting (respectively, tilting) complexes in K'^(proj A). 

2.4. Cluster tilting objects. Let C be a i^-linear Hom-finite Krull-Schmidt triangulated 
category. Assume that C is 2-Calabi-Yau {2-CY for short) i.e. there exists a functorial 
isomorphism Home (AT, y) = D Home (y, X [2] ) . We call T in C cluster tilting if addP = 
{X € C I Homc(r, X[l]) = 0}. These categories appear in the study of cluster category 
and cluster tilting objects play central roles in the categories [BMRKT] . We denote by 
c-tiltC the set of isomorphism classes of basic cluster tilting objects in C. 

We recall the following useful results. 

Lemma 2.2. |KR] Let T ^ C he an object and A := Endc(P). The functor (— ) := 
Homc(T, — ) induces an equivalence of categories between addP (respectively, addr[2]j 
and proj A (respectively, inj Aj. In particular, for any T' S addP, we have 

{T'[2\) ^ lAT). 

Theorem 2.3. [BMRj IKRj Let T be a cluster tilting object and A := Endc(r). There is 
an equivalence of categories 

Homc(T, -) : C/[r[l]] ^ mod A, 
where \T[1\\ is the ideal of C consisting of morphisms which factor through addr[l]. 

2.5. Bijections of [AIR] . Let A be a finite dimensional algebra. We recall results given 
by [AIRJ . For more details, we refer to the original paper. We also refer to independent 
works [Abl IHKM[ [S] for a connection with torsion theory and tilting complexes in more 
general situations. 

We prepare notations. For a A- module X £ mod A, take a minimal projective resolution 

Pi ^po .X ^0. 

-1 

We denote by Px := (P^ ^ Px) ^ (proj A). Then we have the following result. 
Theorem 2.4. [AIR] There exists a bijection 

$ : sr-tiltA i — > 2-siltA, {X,P) ^ <i>{X,P) := Px eP[l]. 
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We also have the fohowing bijection. 

Theorem 2.5. [AIR] There is a bijection 

f-torsA i — > sT-tiltA 

given by f-torsA 9 T H> P{T) G sr-tiltA and sr-tiltA 3T ^ FacT G f-torsA. 

Let C be a ET-hnear Horn-finite Krull-Sclimidt 2-CY triangulated category and T ^ C 
be a cluster tilting object. For an object M G C, we can take a triangle 

Th Tl M ^ Th [1] 

where T^,T^,j G addT and / is a minimal right (add r)-approximation. We denote by 

-1 

Tm := {T^j — > T^^) G C. Now we assume that A = Endc(r). 
Theorem 2.6. [AIR] There exists a bijection 

G : c-tiltC ^ 2-silt A, (M' e M") ^ e(M' M") :=T)^® M"[-l][l], 
where M" is a maximal direct summand of M which belongs to addT[l]. 

Moreover, we can give the following direct bijection between c-tiltC and sr-tiltA. 
Theorem 2.7. [AIR] There exists a bijection 

^ : c-tiltC i — > ST-tiltA, (M' M") ^ ^'(M' M") := (M',M"[-1]), 
where M" is a maximal direct summand of M which belongs to addT[l]. 

3. Z^-STABLE SUPPORT T-TILTING A-MODULES 

3.1. Some definitions. Throughout this subsection, let A be a finite dimensional self- 
injective algebra and we denote the Nakayama functor by v := D liom\{— , A) . In this 
subsection, we introduce the notion of i^-stable support r-tilting modules, z^-stable torsion 
classes and selfinjective cluster tilting objects. 

The following notion is the main subject in this note. 

Definition 3.1. Let X (respectively, {X,P)) be a support r-tilting A-module (support 
T-tilting pair for A). We call X (respectively, {X,P)) v-stable if vX = X. 

We denote by i/-sr-tilt A the set of isomorphism classes of basic z/-stable support r-tilting 
pairs for A. Note that any support r-tilting A-module is clearly j/-stable if A is symmetric. 

Moreover, we call a torsion class T v-stable if z^(T) = T, and we denote by z/-f-torsA 
the set of i/-stable functorially finite torsion classes in mod A. 

Let C be a X-linear Hom-finite Krull-Schmidt 2-CY triangulated category. We call a 
cluster tilting object X selfinjective if Endc(-^) is selfinjective and we denote by self-c-tiltC 
the set of isomorphism classes of basic selfinjective cluster tilting objects in C. 

We give the following equivalent conditions of selfinjective cluster tilting objects. 

Proposition 3.2. [10, Proposition 3.6.] Let X £ C be a cluster tilting object in C. Then 
the following conditions are equivalent. 

(a) X is selfinjective. 

(b) X^X[2]. 

(c) Homc(X[l],X) =0. 
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Furthermore, we recall a characterization such that silting complexes over a selfinjective 
algebra become tilting complexes as follows. 

Theorem 3.3. |ARl Theorem 2.1] |AH Theorem A. 4] Let K he a finite dimensional selfin- 
jective algebra and P he a basic two-term silting complex in K'^(proj A). Then the following 
are equivalent. 

(a) P is a tilting complex. 

(b) P^vP in K'^(proj A). 

(c) HomKb(p,„jA)(P[l],P) = 0. 

3.2. Connection with two-term tilting complexes. Throughout this subsection, let 
A be a finite dimensional selfinjective algebra and denote the Nakayama functor hy v := 
L'HomA(— ,A). In this subsection, we will show that i^-stable support r-tilting modules 
correspond bijectively to two-term tilting complexes in K'^(proj A). While two-term tilting 
complexes are defined in K'^(projA), z^-stable support r-tilting modules are defined in 
mod A and, therefore, easy to calculate them. By our result, we can provide all two-term 
tilting complexes in terms of z^-stable support r-tilting modules. 

Let us start with the following easy observation, which give a bijection between j/-stable 
functorially finite torsion classes in mod A and z^-stable support r-tilting A-modules. 

Theorem 3.4. The bijection of Theorem \2. 51 induces a bijection 

z^-f-torsA i — > z^-sr-tiltA. 

Proof. Let X be a basic i^-stable support r-tilting A-module. Then it is clear that FacA" = 
z^(FacX). Conversely, let T be a z^-stable functorially finite torsion class in mod A. Then 
we have Ext]^(— , z^(T)) = Ext\(z^~(— ), T). Since we have T = z^(T), it is easy to obtain 
P{T) = v{P{T)). □ 

Next, we will prove the following result. 

Theorem 3.5. The bijection of Theorem \2.4\ induces a bijection 

i^-sr-tiltA i — > 2-tiltA. 

For a proof, we give some lemmas. 

Lemma 3.6. Take X € mod A. The following are equivalent. 

(a) X = vX in mod A. 

(b) Px = vPx in K^(proj A). 

Proof. Take a minimal projective resolution of X 

P\ ^X ^0. 

Then applying the functor we have the following exact sequence 

i/P| ^ i/P| ^ uX ^ 0. 

Since A is selfinjective, this is a minimal projective resolution of vX. Thus, we have 
X^uXii and only if Px = vPx in K''(proj A). □ 

The following lemma is useful. 

Lemma 3.7. Let (A, P) be a basic v-stable support r-tilting pair for A. Then we have 
P ^ uP. 
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Proof. Let e be an idempotent of A satisfying addeA = add P. Since uP is projective and 
X is sincere as a (A/(e))-module, it is enough to show that ilom\{i'P, X) = 0. Then, by 
X ^ i/X, we have HomA(zyP, X) ^ HomA(z^-P, i^X) ^ HomA(P, X) = 0. □ 

Moreover, we give the following observation. 

Lemma 3.8. Let P := P' ® P" he a basic two-term silting complex of K'^(proj A) such 
that P" is a maximal direct summand of P which belongs to addA[l]. If vP = P, then we 
have vP' ^ P' and vP" ^ P" . 

Proof. Since A is selfinjective, it is obvious. □ 
Then we give a proof of Theorem [ 



Proof of Theorem \3.5[ Let {X,P) be a basic z^-stable support r-tilting pair for A. By 
Lemmas EJ] and [321 we have Px = vPx and P ^ uP. Thus v^{X,P) ^ holds, 
and by Theorem 13. 3( P) = Px © -P[l] is a two-term tilting complex in K'^(proj A). 

Conversely, let P := P' ® P" be a basic two-term tilting complex of K'^(proj A) such 
that P" is a maximal direct summand of P which belongs to addA[l]. Since vP = P 
by Theorem 13.31 we have vP' = P' by Lemma 13.81 Then, by Lemma 13. 6( we have 
H^{P') ^ v{H^{P')). Thus, through the bijection TheoremE^l it gives a i^-stable support 
r-tilting A-module. □ 

Now we will see an example. 
Example 3.9. Let A = KQ/I be the algebra given by the following quiver Q 

2 6 

a2 ^ \^a5 

3 ^4 ^5, 

with I = R^, where R denotes the arrow ideal of KQ. 

In this case, all basic z^-stable support r-tilting pairs for A are given as follows. 

(A, 0), 

{Si ^4 © Pi © P4 © Ps e Pe, 0), (^2 © ^5 © P2 © P5 © Pi © P4, 0), 
(^3 © ^6 © P3 © Pe © P2 © P5, 0), (5i © ^4 © 1 © ? © P3 © Pe. 0), 
(52 © ^5 © ^ © t © Pi © P4, 0), (53 © ^6 © i © i © P2 © P5, 0), 

(5i©54© 1 © P2©P5),(52©S5© I © t, P3©P6), 
(53©56© i © i, Pl©P4),(56©S3© 3 © 6^ P2 © P5), 

(5i © 54 © ^ © I , P3 © Pe), (^2 © S5 © i © ^ , Pi © P4), 
{Si © S4, P2 © P3 © P5 © Pe), {S2 © S5, Pi © P3 © P4 © Pe), 

(^3 © Se, Pi © P2 © P4 © P5), (0, A). 



Then the map ^ of Theorem 12.41 gives all two-term tilting complexes of K'^(proj A). 
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For example, ^{83 © ® 3 © g , A © ^^4) is the following tilting complex. 

/as \ 
/ ae 1 

_j loo azag I ^ 

< P4©A©A©A ^0 0^"'"'^ P3©^'6©^'2©^'5. 

© 

Pi © P4 

Thus, we can obtain all two-term tilting complexes from i^-stable support r-tilting modules. 
We refer to |Ad| for calculations of support r-tilting modules over selfinjective Nakayama 
algebras. 

4. Connection with cluster tilting objects 

In this section, we consider 2-CY tilted algebras and we will show that selfinjective 
cluster tilting objects correspond bijectively to two-term tilting complexes and j/-stable 
support r-tilting modules. Note that Jacobi-finite algebras are 2-CY tilted algebras [Amj . 
Hence, selfinjective quivers with potentials |HI| give a example of selfinjective 2-CY tilted 
algebras. 

Throughout this section, let C be a iC-linear Hom-finite Krull-Schmidt triangulated 
2-CY category with a cluster tilting object T G C. We assume that A := Endc(T') is 
selfinjective (i.e T is selfinjective) and let ( ) := Homc(T, — ). 

The aim of this section is to prove the following result. 

Theorem 4.1. The bijection of Theorem \2. (A induces a bijection 

self-c-tiltC i — > 2-tiltA. 
We start with the following lemma. 

Lemma 4.2. Let M be a basic object of C. The following are equivalent. 

(a) M ^ M[2] in C. 

(b) T\i^vT\iin Kb(projA). 

Proof. Take a triangle 

Til Tl — U M ^ Tl,[l] 

where T^^jT^^ G addT and / is a minimal right (add T)-approximation. Then we have 
the following triangle 

Tl,[2] ^ Tl,[2] M[2] ^ ri,[3]. 

Thus we have M ^ M[2] if and only if Tm = Tm[2] in C. Hence we have Tm = Tm[2] 
in C if and only if Tm — i'Tm in K*^ (proj A) by Lemma 12.21 □ 

Lemma 4.3. Let M = M' © M" be a basic cluster tilting object of C such that M" 
is a maximal direct summand of M which belongs to addT[l]. If M = M[2], we have 
M' ^ M'[2] and M" ^ M"[2]. 

Proof It is enough to show that M" = M"[2]. We only have to show that M"[2] £ 
addT[l]. By the assumption, we have M" = T'[l], where T' G addT. Since A = Endc(T) 
is selfinjective, we have T = T[2] by Proposition 13.21 Now we let T" = T'[2], where 
T" € addT. Then we have M"[2] ^ (T'[l])[2] ^ (T'[2])[l] ^ T"[l] G addT[l]. This 
completes the proof. □ 
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Then we give a proof of Theorem 14.11 



Proof of Theorem \4.1\ Let M = M' © M" be a basic selfinjective cluster tilting object 
of C such that M" is a maximal direct summand of M which belongs to addT[l]. By 
Proposition [321 we have M ^ M[2] and hence we obtain M' ^ M'[2] and M" ^ M"[2] 
from Lemma [4.31 Then by Lemma [2. 2 1 and Lemma [4.2l we have Tm' — i^Tm' and M"[— 1] = 



z/M"[— 1]. Thus 0(M) is a two-term tilting complex by Theorem! 

Conversely, let P := P' (BP" be a basic two-term tilting complex of K''(proj A) such that 
P" is a maximal direct summand of P which belongs to addA[l]. By Theorem 12 .6^ there 
exists the corresponding cluster tilting object M = M' © M" such that M" is a maximal 
direct summand of M which belongs to addT[l] and P' = Tm' and P" = M"[—l]. On the 
other hand, by Theorem 13.31 and Lemma l3.8( we get P' = vP' and P" = vP" . Then, by 
Lemma O and Lemma O we have M' ^ M'[2] and M" ^ M"[2]. Thus, by Proposition 
M is a selfinjective cluster tilting object. □ 



By Theorems 13.51 and 14. H we have a bijection between i/-sr-tiltA and self-c-tiltC. Here, 
using the bijection of Theorem 12. 7^ we give the direct correspondence. 



Theorem 4.4. The bijection of Theorem 2.1 induces a bijection 

self-c-tiltC < — > i/-sr-tiltA. 

Proof. Let M = M' @M" be a basic selfinjective cluster tilting object of C such that M" is 
a maximal direct summand of M which belongs to addT[l]. By Proposition 13.21 we have 
M = M[2] and hence we obtain M' = M'[2] and M" = M"[2] from Lemma SSI Then by 
Lemma [12] and Lemma we have W ^ vW and M"[-l] ^ uM"[-l]. Thus ^'(M) is 
a i^-stable support r-tilting pair for A. 

Conversely, let {X, P) be a basic z^-stable support r-tilting pair for A. By Theorem 
12.71 there exists the corresponding cluster tilting object M = M' © M" such that M" is a 
maximal direct summand of M which belongs to addr[l] and X = M' and P = M"[—l]. 
By Lemmas 13.61 and 14.21 we have M' = M'[2]. On the other hand, by Lemma 13.71 we 
have P = vP and hence M" = M"[2] by Lemma [221 Thus we get M = M[2] and, by 
Proposition 13.21 M is a selfinjective cluster tilting object. □ 

Example 4.5. Let A = KQ/I be the finite dimensional algebra given by the following 
quiver Q 




with I = B?, where R denotes the arrow ideal of KQ. In this case, A is given by the 
Jacobian algebra V{Q,W) for a potential W = 01020304 (see [DWZ] ) and hence it is a 
2-CY tilted algebra by [Xm] . 

Thus, there exists a triangulated 2-CY category C and cluster tilting object T & C such 
that Endc(T) = A. Let T := Ti (B T2 T^ (B T4. Then, for example, z^-stable support 
r-tilting A-module 

5i © ^3 © Pi © P3 
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corresponds to the following two-term tilting complex 

r -1 f'^i o\ g 

e 

Pi e P3 

and corresponds to the following selfinjective cluster tilting object 

cone(/i) e cone(/3) Ti T3, 
where fi {i = 1,3) is a minimal left (add(T/Tj))-approximation of Tj. 

5. SUPPORT r-TILTING MODULES AND 2-CY TILTED ALGEBRAS 

In this section, we investigate support r-tilting modules over 2-CY tilted algebras more 
closely and provide some nice properties. In [KRj . it was shown that 2-CY tilted algebras 
are Gorenstein of dimension at most 1. We give different types of conditions such that 
algebras are 2-CY tilted in terms of support r-tilting modules. 

Throughout this section, let C be a K-\m.eax Hom-finite Krull-Schmidt triangulated 2- 
CY category with a cluster tilting object T G C We let A := Endc(T) (not necessarily 
selfinjective) and ( ) := Homc(T, — ). 

First we give the following definition, which is dual notion of support r-tilting modules. 

Definition 5.1. [AIR] Let A be a finite dimensional algebra. 

(a) We call X in mod A t~ -rigid if HomA(r~X, X) = 0. 

(b) We call X in mod A -tilting if X is r~-rigid and \X\ = |A|. 

(c) We call X in mod A support -tilting if X is a r~-tilting (A/ (e))-module for some 
idempotent e of A. 

Clearly X is r~-rigid (respectively, r~-tilting, support r^-tilting) A-module if and only 
if DX is r-rigid (respectively, r-tilting, support r-tilting) A°P-module. We denote by 
sr~-tilt A the set of isomorphism classes of basic i/-stable support r~-tilting A-modules. 

We start with the following lemma, which is an analog of [AIRl Proposition 4.3]. 

Lemma 5.2. Let X,Y be objects in C. Assume that there are no nonzero indecomposable 
direct summands o/T[l] for X and Y. 

(a) We have X[—l] = t^X as A-modules. 

(b) We have an exact sequence 

^ D HomA (r~F,X) ^ Rome {X [-!],¥) ^ HomA(r~X,F) ^ 0. 

(c) We have Romc{X[-l], X) = if and only i/HomA(T"X,X) = 0. 
Proof, (a) Since T[l] is also a cluster tilting object, we can take a triangle 

(1) Ti [1] ^ To [1] — X Ti [2] 

with a minimal left (add(T[l]))-approximation / and Tq, Ti € addT. Applying Home (T, —) 
to ([I]), we have an exact sequence 

(2) ^ X — ^ 2TM 

Applying the inverse of Nakayama functor to ([2]) and Homc(T, — ) to ([T]) and comparing 
them by Lemma 12.2^ we have the following commutative diagram of exact sequences: 
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u-To[2] '^-^ i^~Ti[2] ^ T~X ^ 

i I 

% ^ T\ -^Fi] — = 0. 

Thus, we have t~X ^ X[-l]. 

(b) We have an exact sequence 

^ [T[1]]{X[-1],Y) ^ Homc(X[-l],y) ^ Homc/[T[i]] (^[-1], Y) ^ 0, 

where [T[l]] is the ideal of C consisting of morphisms which factor through addT[l]. By 
Theorem 12.31 and (a), we have the following functorial isomorphism 

Homc/[T[i]](X[-l],y) ^ HomA(XPl],F)^ HomA (r-X,F). 

Moreover, using [Pl Lemma 3.3], we have the following functorial isomorphism 

[TmX[-l],Y) ^ DRomc/[T[i]]iY[-l],X) ^ D RomAir~Y ,X) . 

Thus the assertion follows. 

(c) This is immediate from (b). □ 

Then, we have the following conclusion. 

Theorem 5.3. Let A be a 2-CY tilted algebra. Then, support t -tilting A-modules coincide 
with support t~ -tilting A-modules. 

Proof. Let X be a support r-tilting A-module. By Theorem 12.71 there exists the corre- 
sponding cluster tilting object M = M' © M" such that M" is a maximal direct sum- 
mand of M which belongs to addT[l] and X = M' . By [AIR^ Proposition 4.3], we have 
HomA(X,rX) = if and only if Homc(M', M'[l]) = 0. Hence we have Home (M'[-l], M') = 
0. Moreover, by Lemma [5.2| we have Homc(M'[— 1], M') = if and only if HomA(T~X, X) = 
0. Thus X is a support r~-tilting A-module. Conversely, assume that X is a support r^- 
tilting A-module. Since DX is a support r-tilting A°P-module and A°p is clearly 2-CY 
tilted, we can prove similarly that DX is a support r~-tilting A°P-module. Thus, X is a 
support r-tilting A-module. □ 

Moreover, i/-stable support r-tilting module have the following strong property if A is 
selfinjective. 

Proposition 5.4. Let A be a selfinjective 2-CY tilted algebra. For any basic v -stable 
support T-tilting A-module X, we have t^X = tX as A-modules. 

Proof. By Theorem 14.41 there exists the corresponding selfinjective cluster tilting object 
M = M'QM" such that M" is a maximal direct summand of M which belongs to addT[l] 
and X = W'. By Lemmas ESI and 1121 we obtain M' = M'[2]. Then, by [SiRl Proposition 
4.3] and Lemma [521 we get tX ^ M'[l] ^ M'[-l] ^ t'X. □ 

Example 5.5. Let A be the algebra given in Example 14.51 Then the AR quiver is given 
as follows. 
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4 3 2 1 4 

1 4 3 2 1 




Then it is easy to check that sr-tiltA = sr -tilt A. On the other hand, for example, 
X = Si (B (B Pi (B P3 is a z^-stable r-tilting A-module and we can see that rX = t^X. 

Example 5.6. Let F be a preprojective algebra of Dynkin quiver of 

1 ^^2^^3 . 

Then it is known that T is selfinjective. For example, we have a z/-stable support r-tilting 
A-module X = P2 © 3 © f and it is easy to check that tX ^ t^X. Hence, we can 
immediately conclude that T is not 2-CY tilted. 
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